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681. 


ON THE DERIVATIVES OF THREE BINARY QUANTICS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xv. (1878), 
pp. 157—168.] 


For a reason which will appear, instead of the ordinary factorial notation, I 
write {a012} to denote the factorial «.a+1.<4+2, and so in other cases; and I 
consider the series of equations 

(1) =X, 
(2) = ({a0}, {B0} XF, — F’), 
(3) = ({a01}, 2 {a1} {£1}, {801} XZ, —Z’, 2”), 
(4) = ({a012}, 3 {a12} {82}, 3 {a2} 1812}, {8012}, W, — W’, — W”, — W”), 
&e. 
where 


XY +Y, 

FEZ aay 5 AENA $2" 

Z is W+ Ww’, VAd a WwW’ + wW”, g" pals Ww” 4 Ww”, 
&e. 


We have thus a series of linear equations serving to determine X; Y, Y’; Z, Z’, Z”; 
W, W’, W W”; &c. We require in particular the values of X; Y, Y’; Z, 2”; 
W, W”; &c., and I write down the results as follow: 


= (1), 
(1) (2) 
{a+ B0}¥ ={80}, +1 
{on | {a0}, = 
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{a + 82} (1), {a+ £1) (2), {a+ 80; (3), 
} 


{a+8012}Z = {p01} , +2j81} , +1 S 
ai E A A aE S, +1 : 
fa + 834} (1), {a+ 814} (2), {a+ 803) (3), {a+ 801} (4); 
fa +801...4 W = {8012}. , +3{812} , +3182} , +1 3 
{ x }wv’= {a012} , —B3{al2} ; +3 {a2} , —1 ; 
(a+68456}(1), {a+8156}(2), {a+8036}(3), {a+8015}(4), {a+8012}(5); 
{a +801...6,U = {80123} , +4{8123} , +6{823} , +4{83} , +1 ; 
{ $ U” = {a0123} , —4{a«a123) , +6{a23} , -—4{a3} , +1 : 
&e. 
read a+8.Y =28(1)+ (2), 
» .¥’=a (1)-(2), 
a+B.a+84+1.0a4+842.7 =68.84+1.44+842.(1)+2.84+1.4+84+1.(2)+a4+ B.(3), 
v i i 4” =4a.a+1.a4+6842.(1)4+2.a +1.a+8+1.(2)+a + 8.(3), 
&e., 


the law being obvious, except as regards the numbers which in the top lines occur 
in connexion with a+ in the { } symbols. As regards these, we form them by 
successive subtractions as shown by the diagrams 


34 | 34 456 | 456 5678 | 5678 &e.; 
2 | 14 pe 4 |1678 
11 | 03 12 | 036 18 | 0878 
2 | 01 21 | 015 22 | 0158 
3 | 012 31 | 0127 


4 | 0123 
and the statement of the result is now complete. ; 


In part verification, starting from the Y-formule (which are obtained at once), 
assume 


{a + 82} (1), {a +81} (2), {a +80} (3), 


fa + 8012} Z = A A H 5 v 
{ 5 }Z’ ize A ; w $ j 
zl = Pki : w j v” 
we must have 
D @) 
{a + 8012}. Z + Z’ = fa + 8012} Y , = {a + 812} ({80}, +1) 
: Be eg ee Se a a Re fe Pn OE Lag Ta, 
that is, 
fa + B2}. aà +N = fa + B12} {80}, 
te PATES o TTR, 
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and further 
{a + 82} ({a01}, — 2 {al} {81}, {B01} Jr, N, A”) =0, 
or, what-is the same thing, 
A +X = {a+ 81} {80}, 
NEM ={ 4, } {a0}, 
({a01}, —2 {al} {81}, {B01} YA, As A”) =0. 
And in like manner we have 
p +w = {a+ 82}. 1, 
preset > Tye, 
({a01}, — 2 {al} {81}, {01} Xp, w, w”)=0; 
v +y =0, 
v +r” = 0, 
({a01}, — 2 {al} {81}, {801}fv, v’, v”) = 0. 

We hence find without difficulty 
Nh E BB aed, 
rs ee eh ae 
Mw, ve =a.atl, —2.a4+1, +1,= 


and 


viz. for verification of the A-equations we have 


2.8+1, +1,= {G01} , 2{@1}, +1, 
a—B , —1,= {a0} 180}, a—8, —1, 
{a01} ; 2 {al}, +1; 


B.B+1.+ 4.8 , that is, a+8+1.8, ={a+ 81} {80}, 


a8 +a.a +l, ” at+1+ f.a, ={ ” 


and 


that is, 


and similarly the u- and v-equations may be verified. 
We have thus for the Z’s the equations 
{a+ 62} (1), {a+ 81} (2), {a + 80} (3), 


{a+f012}Z = {801} ,. 2{61) , “+R , 
te = RO iy eB ee es 
{gg (PR ee ae Babb +1 : 


which include the foregoing expressions for Z and Z”. 


We may then take the expressions for the W’s to be 


{a + 834} (1), {a + B14} (2), {a + 803} (3), {a +801} (4), 


{a + 80123} W = A , p 3 v ; 
{ m U = N } w r v : 
CA ge a ae PASEA PLE Pon, 
BONN sen is aL os Boe wh 
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} {a0 }, 
(a.a+1, —2.a+1.84+1, 8.B4+198.8+4+1, «4.8, «.a+1)=0, 
a.a+1.8.84+1.—2.a+1.84+1.4a.8.+8.84+1.a.4+1=0; 


P 
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and we ein in like manner the equations 

A +N = {a+ 8234} {801}, 
N+ =f» } {a0} {0} 
NENG =  ,,  } {a01}, 

({a012}, — 3 {a12} {82}, +3 {a2} {812}, — {B012} Ya, N, M, AW”) =0; 
u +g ={a+ 8134}. 2 {Rl}, 
bau r Oana ees Pea? 
phate eo Baal 

({a012}, — 3 {a12} {82}, + 3 {a2} {812}, — {8019m w, p”, w’”)=0; 
v +v = {a+ 8034}. 1, 
ae ie ae a na 
ako ae aoa aE 

({a012}, — 3 {a12} {82}, +3 {a2} {812}, — {8012} ýr, v, v”, v”)=0; 


p +p = 0, 
p +p” =0, 
p +p’ =0, 


({a012}, — 3 {a12} {82}, +3 {a2} {12}, —{8012}%p, p’, p”, p”) = {a+ 801234}. 


ULA 


These give for the Xp” square the values 

{e012}, 3{612} =, 362} , +1, 
{a0} {801}, 2a—8.{@l}j, a—28-2, —1, 
{a01} {80}, a—28. {al}, — 2a + 8-2, +1, 
{a012} , — 3 {a12} , +8 {a2} ,—1, 


and so on; the law however of the terms in the intermediate lines is not by any 
means obvious. 


Consider now the binary quantics P, Q, R, of the forms (*§w, y)?, (*Ya, y), 
(*{a, y)’; we have for any, for instance for the fourth, order, the derivates 


PQ, RY, (P, (Q, BY (P, (Q, BY, (P, (Q, BY (P, QR); 


and it is required to express 


Q(P, Rý and R(P, Q5, 


each of them as a linear function of these. 
OX, 36 
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I recall that we have (P, QY} = PQ, so that the first and the last terms of the 
series might have been written (P, (Q, RYP and (P, (Q, RY% respectively; and, 
further, that (P, Q} denotes dP .dyQ — dyP . dQ; (P, QY denotes 


dP .d7Q—2dz,dyP.dzdyQ+d7P .d2Q; 
and so on. 


I write (a, b, c, d, e) for the fourth derived functions of any quantic U, = (+ý, yy”; 
we have, in a notation which will be at once understood, 


U= (a, b, c, d, eQa, y) + [mf , 
(do, dy) U= (a, b, ¢, d) (b, ¢, d, e)(a, yy +[m—1f, 
(dz, dy} U = (a, b, c), (b, c, d), (c, d, e) (@, y+ [m— 29, 
(dz, dy} U = (a, b), (b, c), (c, d), (d, e) (æ, y) + [m — 3}, 
(dz, dq} U= (a, b, c, d, e); 
and then, taking 
(Gj) Diy enadi aN Ca D Cas Cas Ges as Oy ee A) 
to belong to P, Q, R, respectively, we must, instead of m, write p, q, r for the 
three functions respectively. 
If we attend only to the highest terms in æ, we have 
U= ax’ + [m} , 
(dz, dy) U = (a, b) # +[m- 1}, 
(dz, dy? U = (a, b, )aæ +[m— 2E, 
(dz, dy} U = (a, b, c, d) æ + [m -— 3}, 
(dz, dy) U =(a, b, c, d, e). 
Consider now P(Q, Rọ, (P, (Q, RPJ, &c.; in each case attending only to the 
term in a, and in this term to the highest term in æ, we have 
(1) [pt P(Q, BR) = zs — 4b.d; + 6c.¢; —4d,b; +620; (X), 
(2) [p-1}Pl¢-3}F [r-3} P, @ B= [q — 3F . bods — 3020 + 3dzb; — eas (— Y’), 
+ [r—3}.a,e; — 3bzd; + 30203 — d,b, (Y), 


(8) [p-—2P[g—2P[r—2P(P, (Q, RY¥= [g—2F + C203 — 2dyb; + e2; (Z”), 
+2[q— 2] [r — 2]. bd; — 2c.c,+ db; (— Z”), 
+ [r — 2F. aze; — 2b.d; + C203 (Z), 

(4) [p -3Fig-1Pir-1P(P, (Q, B= [g-1P hay (W), 
+83[q— 1f [r — 1]. c20; — dzb; (W”), 
+3[q—1} [r-—1. bod; — exes (— W^, 
+ [r—1]*. ae; — bod, (W), 
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(5) [p -4 [oF [r] (P, QRY= [gk  .e05 (U) 
+ 4 [gF [r] . dsb; ait bs / 
+6 [qF [rF . c26; (U”), 
+4 [q} [rF . bd; (UA 
+ [r] . dees (U). 


Thus, for the second of these equations, 

(E (Q, Ry = dP . dy (Q, RP — &e. ; 
the term in q is dy (Q, RF, =(d,Q, R)+(Q, d, RY, the whole being divided by [p— 1}; 
where attending only to the highest terms in v, the two terms are respectively 


(bads — 3626s + 3dzbs — e20) + [r — 3}, 
and 
CAZ 3b,d; + JOC: sen dzb;) =- [g Me 3}, 


which are each divided by [p— 1} as above; whence, multiplying by 
[p -1f [g9-1F[r- 1}, 
we have the formula in question; and so for the other cases. 


Writing now (1), (2), (8), (4), (5) for the left-hand sides of the five equations 


respectively; and 
aa 


=Y aF: 
By ZAZ 
- W”, W”, - W, W: 
pee, Us = OF US 
for the literal parts on the right-hand sides of the same equations respectively ; 
then we have 


Aa V+’, 
Y=Z+27, Y'=2'+2", 
&e., 
and the equations become 
(i) x : 
(2)=[r-1} ¥ -1 [g-3} Y | 
(3)=[r—2P 2 —2[r—2P[qg—2P Z4’+1 [g—2} 2” 


(4) =[r— 1? W-8 [r- 1 [q—1P W +8 [r—1P [g—1P W- 1i- 1p W” | 
(5) = [r] U —4 [rf [q] U G [rE [oP U" —4 [r] [q] U” 4 [q] g”, 
which are, in fact, the equations considered at the beginning of the present paper, 

putting therein a=r—3 and 8=q-—3, they consequently give 


{q+r—6, 456} (1), {g+r—6, 156}(2), {q+r—6, 036}(3), {q +r —6, 015}(4), {g+r—6, 


Pranoi m aaO aa te}, e a A o + 
5; }U'’= {r—3, 0123} , —4{r—8, 123}, +6{r-3, 23} , —4{r-3,3} , + 
36—2 
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Also, attending as before only to the terms in a, and therein to the highest 


power of x, we have 
Q (R, PY = Mêz = [a], 


R(P, Q} = ae + [r]*; 
[gh Q(h, Př=U, [ri RO, Q=U"; 


and, observing that {g+r—6, 01...6} is =[q+r], and that {g+7r—6, 456}, &c., may 
be written {g—r, 210}, &c., where the superscript bars are the signs —, the formule 
become 


that is, 


{q+r, 210}(1), {q+r, 510(2), {q+r, 630} (8), {q+r, 651}(4), {g+r, 654}(5), 
[o+rFlehO@, Ry= — [als .\) tale i a Ble Aa eee et 
lotre Oh TP pp — AIP a eT et neg ice 
Written at full length, the first of these equations (which, as being the fourth in 
a series, I mark 4th equation) is 


lgt+r}[gtQ(P, RY= l.gtr .qtr—l.qtr—2. [p] [q] . P, (Q, R} (4th equat.) 
+4.q+r .q+r—1.q+r—5.[p—1F[q]}[g-83F [r — 1]. (P, (Q, RP) 
+6.q+r .q+r—3.q+r—6.[p—2FP[qP[gq—2F[r-— 2}. (P, (Q, RPF 
+4.q+r—1.q+r—5.q4+r—6.[p—3} [gP[q—1} [r —1}. (2, (Q, RPP 


+1.q+r—1.q+r—5.q+r—6. fe et oF ee. 
and the other is, in fact, the same equation with q, Q, r, R interchanged with 
r, R, q, Q; the alternate + and — signs arise evidently from the terms 


(R, Q) =(@ BY; (R, QF, =- (Q, RF; &e., 
which present themselves on the right-hand side. 


It will be observed that the identity has beer derived from the comparison of 
the terms in a, which are the highest terms in g, the other terms not having been 
written down or considered; but it is easy to see that an identity of the form in 
question exists, and, this being admitted, the process is a legitimate one. 


The preceding equations of the series are 


[9 +rF [ol OP, R} = TAr ter P(Q, R} (lst equation) 
+1. for e PT OC, ORY; 
latr UFOP, BPS Ligari . [pP [oF P, (Q, RY (2nd equation) 
+2.q+r~l. ipm IFEF A Ie AT Te ey 
+t. g+=, [P [rP (2, QRy; 
la +rFFR(P, R= 1.q+r .q+r—1. [pf [q} P, (Q, RY (8rd equation) 


+3.q+r  .g+r—3.[p—1P[¢Plg—2} [r—2} (P, (Q, RYY 
+3.q+r—1.q+r—4.[p-2]} [q] [q-1}[r-1](P, QR) 
+1.q+r—3.q+r—4. taer (P, QR». 
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From these four equations the law is evident, except as to the numbers subtracted 
from q+r. These are obtained, as explained above, in regard to the numbers added 
to a+ in the { } symbols; transforming the diagrams so as to be directly applicable 
to the case now in question, they become 


0/0 01 | 01 012 | 012 0123 | 0123 
Polat 2 | 03 3 | 015 4 | 0127 
a 11 | 14 21 | 036 31 | 0158 


2 | 84 12 | 156 22 | 0378 
3 456 13 1678 
4 5678, 


showing how the numbers are obtained for the equations 2, 3, 4, 5 respectively. 
The first equation is 


(¢+ar)Q(P, R) = pq P (Q, R) + qr [Q (P, R) +R (P, QI, 


0=pq P (Q, R) -qr Q(RP)+qr R (P, Q) 
+(¢ + 9r) Q (R, P); 


0=pP (Q, R)+4Q(R, P)+rR (P, Q), 


viz, this is 


or, dividing by q, this is 


which is a well-known identity. 


We may verify any of the equations, though the process is rather laborious, for 
the particular values 
P = ta) yr @--), Q = až (4+8) yè a-P), R = g (r+ty) y -y); 
thus, taking the second equation, we have, omitting common factors, 
(Q, R£}= q+8.q+8-2.r—-y.r—y-2 
-2 -4+8 .q—-B.rt+y.r—y¥ 
+.q—-B.q-B-2.r+y.r+y—2 
= Br) +7(¢-—9) —28y(¢-Dir-1)-—¢r@+tr—2), 
(P, (Q, RY =(q+B.r-y.-.q-B.rt+y)(p+a.gtr—B—-y—-2.-.p—a.qtr+B+y—2) 
= (Br —qy)(a.g+r—-2.-p.B+y¥) 
= ar (r +q- 2) —ayq(qt+1r—2)— pri + p(q—r) By + pay’, 
and from the first of these the expressions of Q(P, RY and (P, QR) are at once 
obtained, The identity to be verified then becomes 
[a+r] [oP {a 7? — 7) + 9 (p* — p) — 2ay (p — 1) (rv — 1) — pr (p+ r — 2)} 
= (¢+7) [oP oP (8 (r? — 1) + FG — 9) — 2By Q—- V(r —-1) -ar (q+ r— 2)} 
+2(q+r—1) [gP (p— 1) (7-1) {a8r (q +r- 2) — ag (q +r- 2) 
— pr? + p (q— r) By + pgr’) 
+q +r- irr (? +r) (q+r-1+8+ 7) (p-p) 
~2a(B+y)(p-I(q+tr—-1)—pq+r)(ptqtr—2)}, 
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which is easily verified, term by term; for instance, the terms with a, Ø, or y, give 
[a+r [gpr @+r-2)= (¢+7) [oP lpP or @tr—2) 
+(q+r—2)[9P[rP p (4 +r) (p+q+r—2), 
which, omitting the factor (q +r) (q +r — 2) [q} pr, is 
| q+r—))(pt+r-—2)=(p-)etr=-I(p+q+r+ 2); 
viz. the right-hand side is 
(p-—I).g+@—-)qt+r-l)@tr—-2) =@+r—-1)(ptr-—2), 
as it should be. 


The equations are useful for the demonstration of a subsidiary theorem employed 
in Gordan’s demonstration of the finite number of the covariants of any binary form 
U. Suppose that a system of covariants (including the quantic itself) is 


P, Q, R, 8,..; 


this may be the complete system of covariants; and.if it is so, then, T and V 
being any functions of the form P*Q*Ry..., every derivative (T, V)® must be a term 
or sum of terms of the like form P*Q*®Ry...; the subsidiary theorem is that in order 
to prove that the case is so, it is sufficient to prove that every derivative (P, QY, 
where P and Q are any two terms of the proposed system, is a term or sum of 
terms of the form in question P*Q*RY.... 


In fact, supposing it shown that every derivative (T, V) up to a given value 
6, of @ is of the form P*Q?RY..., we can by successive application of the equation 
for Q(P, R)*, regarded as an equation for the reduction of the last term on the 
right-hand side (P, QR)*, bring first (P, QR)’, and then (P, QRS)*+,.., and so 
ultimately any function (P, V)*, and then again any functions (PQ, V)*, 
(PQR, V),.., and so ultimately any function (T, V)**, into the required form 
P*Q?Ry...: or the theorem, being true for 0, will be true for 0+1; whence it is 
true generally. 
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